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Abstract
The Lewis and Riesenfeld method has been investigated, by Ramos et al in Ref. [1], for
quantum systems governed by time-dependent PT symmetric Hamiltonians and particularly
where the quantum system is a particle submitted to action of a complex time-dependent
linear potential. We discuss the method they used and propose an alternative one which
leads to physically acceptable uncertainty product and to complex x and p expectation
values but describe the classical motion. We used, for this situation, a linear pseudo hermi-
tian invariant operator which allow us to solve analytically the time-dependent Schrödinger
equation for this problem and to construct a Gaussian wave packet solution. The normal-
ization condition for the invariant eigenfunctions with the Dirac delta function is correctly
obtained, contrary to what is stated in Ref. [1].
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1 Introduction
One of the "principles" of quantum theory is the association of a Hermitian operator with any
physical quantity, a property that guarantees the reality of eigenvalues. In reality, the condition of
hermiticity is a sufficient condition, which is by no means necessary, since there are non hermitic
operators whose spectrum is real. The central idea is to replace the condition of hermiticity by a
weaker condition obviously also ensures the reality of eigenvalues. This led Bender and Boettcher
[2] to propose replacing the condition of hermiticity by the parity-time (PT ) symmetry, the
invariance under simultaneous parity and time reversal transformation, that plays an important
role in non-Hermitian quantum mechanics, optics physics, condensed matter and quantum field
theory. Starting in quantum mechanics, the concept of PT symmetry found applications in many
areas of physics [3, 4, 5]. In particular, there is a lot of interest in optics due to experimental
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realizations of paraxial PT symmetric optics [6, 7]. Recent applications include single-mode PT
lasers [8, 9] and unidirectional reflectionless PT -symmetric metamaterials at optical frequencies
[10]. PT symmetric systems demonstrate many nontrivial non-conservative wave interactions
and phase transitions, which can be employed for signal ltering and switching, opening new
prospects for active control of light [11].
Parity P has the effect to change the sign of the momentum operator p and the position
operator x. The anti-linear operator T has the effect to change the sign of the momentum
operator p and the pure imaginary complex number i. When an eigenstate of the Hamiltonian
is simultaneously an eigenstate of PT , the eigenvalues are real we call the symmetry unbroken;
otherwise the symmetry is broken and the eigenvalues come in complex conjugate pairs and
violates the unitarity of the theory. Replacing the standard Hermitian inner product with the
obvious choice
〈φ |ψ〉PT =
∫
C
dx [PT φ(x)]ψ(x) (1)
where PT φ(x) = φ∗(−x) and the integral is taken over the contour in the complex-x plane.The
advantage of this inner product is that the associated norm 〈φ |φ〉 is conserved in time. On
unbroken eigenstates |φn〉 of a PT -symmetric Hamiltonian, the inner product (1) is (under
appropriate assumptions ) pseudo-orthonormal:
〈φm |φn〉
PT
= (−)mδmn (2)
Since the PT -norm is not positive-definite, to render the energy eigenstates orthonormal is
to redefine the inner product (1) by introducing a new symmetry, denoted C [12, 13], having
properties very similar to the charge conjugation operator, inherent in all PT -symmetric Hamil-
tonians that possess an unbroken PT symmetry. This has allowed to introduce an inner-product
structure associated with CPT conjugation for which the norms of quantum states are positive
definite and unitary-invariant. In particular, CPT symmetry is shown to generalize the con-
ventional Hermiticity requirement by replacing it with a dynamically determined inner product
(one that is defined by the Hamiltonian itself). Several authors have studied time independent
quantum systems governed by non-Hermitian Hamiltonians [14, 15, 16, 17, 18, 19, 20, 21].
Even before the discovery of PT -symmetry and the introduction of the CPT -inner prod-
uct, there have been very general considerations [22] addressing the question of how a consistent
quantum mechanical framework can be constructed from the non-Hermitian Hamiltonian sys-
tems. It was understood at that time that quasi-Hermitian systems [22] would lead to positive
inner products. It has been clarified [23, 24, 25, 26] that a non-Hermitian Hamiltonian having
all eigenvalues real is connected to its Hermitian conjugate,
H† = ηHη−1 (3)
through a linear, Hermitian, invertible and bounded metric operator η = ρ+ρ with a bounded
inverse, i.e. H is Hermitian with respect to a positive definite inner product 〈., .〉η = 〈. |η| .〉
defined as
〈φHm
∣∣φHn 〉η = 〈φHm|η ∣∣φHn 〉 = δmn (4)
and called η -pseudo-Hermitian inner product. It is also established [23, 24, 25, 26] that the
non Hermitian Hamiltonian (or a pseudo-Hermitian Hamiltonian) H can be transformed to an
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equivalent Hermitian one given by
h = ρHρ−1 (5)
where h is the equivalent Hermitian analog of H with respect to the standard inner product
〈., .〉 . ρ is often called the Dyson map [27]. Thus, although the eigenvalue spectra of h and H
are identical, relations between their eigenvectors will differ∣∣ψhn〉 = ρ ∣∣φHn 〉 (6)
All these efforts have been devoted to study time-independent non-Hermitian systems. Whereas
the treatment for systems with time-dependent non-Hermitian Hamiltonians with time-independent
or time-dependent an metric operators have been extensively studied [28, 29, 30, 31, 32, 33, 34,
35, 36, 37, 38, 39, 40, 41, 42, 43, 44, 45, 46, 47, 48, 49, 50, 51, 52, 53, 54, 55, 56, 57, 58, 59, 60].
Nevertheless, the existence of invariants (constants of the motion or first integral) introduced by
Lewis- Riesenfeld [61] is a factor of central importance in the study of time-dependent systems.
While research on PT -symmetry has focused on time-independent Hamiltonians, very few
works using a PT -symmetric time-dependent Hamiltonians, where the time-reversal operator T
has also the effect to change the sign of the time t→ −t and whose action on the wave function
defined as [62, 63, 64]
T ψ(x, t) = ψ∗(x,−t) (7)
is barely found in the literature [65, 66, 67, 68, 69, 70, 71].
In a recent paper, Ramos et al [1] extend the well-known Lewis and Riesenfeld invariant
method [61] to PT -symmetric time-dependent non-Hermitian Hamiltonians and apply it to the
quantum motion of a particle in the presence of a complex time-dependent linear potential
with PT - symmetry. They have misleadingly claim that the invariant eigenstates normalization
condition associated with the Dirac delta function is verified.
The main objective in this paper is to give, in section 2, a brief recall of results discussed by
Ramos et al [1] on the motion of a particle under the action of a complex time dependent PT
-symmetric linear potential. After that, we discuss the misleadingly results concerning the PT -
inner product of the simultaneously eigenstates of the PT operator and the PT -symmetric
invariant operator IPT (t). In section 3, we give an alternative method based on the pseudo-
Hermitian invariant operator [44, 54] to find the solutions for a particle submitted to the action
of a complex time-dependent linear potential. Finally in section 4, we construct the Gaussian
wave packet state for this problem. Despite that the expectation values of the x and p operators
are complex, they are identical to the classical variables xc , pc. In addition, we obtain that the
uncertainty product is physically acceptable.
2 PT -symmetric invariant operator IPT (t) for complex time-
dependent linear potential
B.F.Ramos et al [1] have investigated the motion quantum of a particle with time-dependent
mass subject to the action of a complex time-dependent linear potential described as
H(t) =
p2
2m(t)
+ if(t)x (8)
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where f(t) is a real time-dependent function. The classical variables describing the equations
of motion are given by
p˙c = −∂H
∂xc
= −if(t) (9)
and
x˙c =
∂H
∂pc
=
pc
m(t)
(10)
By solving the above two equations, the space and momentum operators can be obtained in
terms of the initial conditions, given by
pc = p0 − i
∫ t
0
f(t′)dt′ (11)
and
xc = x0 + p0
∫ t
0
dt′
m(t′)
− i
(∫ t
0
dt′
m(t′)
∫ t′
0
f(τ)dτ
)
(12)
By extending the well-known Lewis and Riesenfeld invariant method, they looked for a PT
symmetric non-Hermitian time-dependent linear operator given by
I(t) = a(t)x+ b(t)p + c(t) (13)
where a(t), b(t) and c(t) are complex time-dependant c-number functions.
Inserting the invariant I(t) in the Van-Neumann equation
i
∂I(t)
∂t
= [H(t), I(t)] (14)
and after some algebra, gives
a(t) = a0
b(t) = −a0
∫ t
0
dτ
m(τ)
(15)
c(t) = −ia0
∫ t
0
dτf(τ)
∫ τ
0
dτ ′
m(τ ′)
on the other hand, thePT symmetric invariant operator condition
IPT (t) = (PT ) I(t) (PT ) = I(t) (16)
provides
a0 = −a∗0
b∗(t) = −b(t) (17)
c∗(t) = c(t)
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Using the transformation
ϕλ(x, t)→ φλ(x, t) = e−i
θ
λ
2 ϕλ(x, t) (18)
and solving the eigenequation
IPT (t)φλ(x, t) = λφλ(x, t) (19)
so that the eigenfunctions (Eq. (37) of Ref. [1]) are given by
φλ(x, t) =
√
σλ
2pi~b(t)
exp
{
i
~b(t)
[
(λ− c(t)) x− a0
2
x2
]}
, (20)
σλ = ±1.
Without loss of generalities, we drop the phase factor e−i
θλ
2 . Thus, the eigenstates φλ(x, t) of
IPT (t) are eigenstates of the PT operator with eigenvalue 1, when the action of PT operator
on the wave function is as follows
PT φλ(x, t) = φ∗λ(−x,−t)
=
√
σλ
2pib∗(−t) exp
{ −i
b∗(−t)
[
(λ− c∗(−t)) (−x)− a
∗
0
2
x2
]}
=
√
σλ
2pib(t)
exp
{
i
b(t)
[
(λ− c(t)) x− a0
2
x2
]}
= φλ(x, t). (21)
On the other hand, the authors of Ref.[1] claim, incorrectly, that the normalization condition
(Eq. (39) in [1]) associated with the Dirac delta function is verified. To see that their assertion
is not correct, it is enough to calculate explicitly the PT inner product defined as
∫ +∞
−∞
[φλ′ (x, t)]
PT φλ(x, t)dx =
∫ +∞
−∞
φ∗λ′(−x,−t) φλ(x, t)dx =
∫ +∞
−∞
φλ′(x, t) φλ(x, t)dx
=
√
σλ′σλ
2pib(t)
∫ +∞
−∞
exp
{
i
b(t)
[(
(λ+ λ
′
)− 2c(t)
)
x− a0x2
]}
dx 6= δ(λ− λ′).
(22)
According to the invariant operator theory, the time-dependent Schrödinger equation takes the
form
ψλ(x, t) = e
iµλ(t)φλ(x, t), (23)
where the phase functions are given by
µ
λ
(t) = − 1
2~
∫ t
0
(λ− c(τ))2
m(τ)b2(τ)
dτ. (24)
So, they construct a Gaussian wave packet solution
Ψ(x, t) =
∫ +∞
−∞
g(λ)ψλ(x, t)dλ (25)
5
where the Gaussian weight function g(λ) is given by
g(λ) =
√
d√
2pi
exp
[
−d
2
4
λ2
]
. (26)
Thus, the general solution (25) is given by equation (47) of Ref.[1]. Using this wave packet
solution, they calculate the expectation values of the position〈x〉PT and the momentum 〈p〉PT
as well as the uncertainty product ∆x.∆p , where the expectation value 〈O〉PT of an operator
O is defined as ∫ ∞
−∞
dxΨ(x, t)PT O Ψ(x, t)
They state that the PT operator acts on the wave function as follows [72]
PT Ψ(x, t) = Ψ(x, t)PT = Ψ∗(−x, t), (27)
which is in contrast with the definition (21) employed to show that the eigenstates of the linear
invariant are also eigenstates of the PT operator.
However, knowing that the wave function is a scalar and taking into account that T is
antilinear and antiunitary operator, we obtain the time reversal rule for the wave function
T Ψ(x, t) = Ψ∗(x,−t). That is the general rule for time reversal in quantum mechanics: if a
certain state is described by the wave function Ψ(x, t), then the "time-reversed" state is de-
scribed by the function Ψ∗(x,−t). The change to the complex conjugate function is necessary
because the "correct" time dependence must be restored, after being lost through the change in
the sign of t [62].
Finally, they find that the expectation values 〈x〉PT , 〈p〉PT are imaginary numbers so that the
position, momentum operators are not observables. As a consequence, the uncertainty relation
∆x.∆p, which is a complex number, is physically unacceptable.
In the next section, using the pseudo-Hermitian invariant operator approach [44, 54] we get
an accepted physical quantities for a " Particle in a complex time-dependent linear potential
". We show that the expectation values of x and p are complex numbers that describe the
classical motion while the uncertainty relation is physically acceptable. On the other hand, the
normalization condition for the invariant eigenfunctions with the Dirac delta function is verified.
3 The complex time-dependent linear potential:pseudo-invariant
method
The beginning of this section briefly recalls the results of the pseudo-invariant operator technique
[44, 54]. In complete analogy to the time independent scenario a self-adjoint invariant operator
Ih(t), i.e., an observable, in the Hermitian system which has an observable counterpart IPH (t)
in the non-Hermitain system are related to each other as Ih(t) = ρ(t)IPH(t)ρ−1(t) ⇔ IPH† (t) =
η(t)IPH (t) η−1(t) was introduced and adressed in details in Ref. [44, 54] that we will briefly
recall. Given a non-Hermitian time-dependent Hamiltonian operator H(t), it is possible to build
a pseudo-invariant operator IPH(t) verifying
dIPH(t)
dt
=
∂IPH(t)
∂t
− i [IPH (t) , H(t)] = 0, (28)
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and obeys the eigenvalue equation:
IPH (t)
∣∣φHn (t)〉 = λn ∣∣φHn (t)〉 , (29)
where the eigenvalues λn are time-independent and the eigenstates
∣∣φHn (t)〉 of IPH (t) are or-
thonormal 〈
φHm(t)
∣∣ η(t) ∣∣φHn (t)〉 = δm,n. (30)
The solutions of the Schrödinger equation
i~
∂
∂t
∣∣ΦH(t)〉 = H(t) ∣∣ΦH(t)〉 (31)
can be written in terms of the eigenfunctions
∣∣φHn (t)〉 as∣∣ΦHn (t)〉 = eiϕn(t) ∣∣φHn (t)〉 , (32)
where the phase functions ϕn(t) are found from the equation:
dϕn(t)
dt
=
〈
φHn (t)
∣∣ η(t) [i ∂
∂t
− H(t)
~
] ∣∣φHn (t)〉 . (33)
For a particle with time-dependent mass subject to the action of a complex time-dependent
linear potential described by the Hamilonian (8) , we choose a linear pseudo-Hermitian invariant
operator IPH(t) in the form
IPH(t) = a(t)
(
x− i
2
α(t)
)
+ b(t)
(
p− i
2
β(t)
)
+ c(t) (34)
where α(t) and β(t) are real parameters while a(t), b(t) and c(t) are time-dependent c-number
functions to be determined.
The condition (28) implies that
a˙(t) = 0
b˙(t) = − a
m(t)
(35)
c˙(t)− i
2
(
α˙a+ β˙b+ βb˙
)
= ibf(t)
after solving these equations, we get
a(t) = a0
b(t) = b0 − a0
∫ t
0
1
m(t′)
dt′ (36)
c(t) = c0
f(t) = − 1
2b
(
α˙a0 + β˙b− β a0
m(t)
)
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Since the operator IPH(t) is pseudo-Hermitian, then it fulfills the condition
I+PH(t) = η(t)IPH(t)η−1(t) (37)
where the operator metric η(t) is chosen as
η = ρ+ρ = exp [β(t)x− α(t)p] . (38)
The condition (37) provides
a(t) = a∗(t)
b(t) = b∗(t) (39)
c(t) = c∗(t)
To find a solution of the Schrödinger equation of H(t)
H(t)ΨH(x, t) = i∂tΨ
H(x, t), (40)
where ΨH(x, t) =
∫ +∞
−∞
g(λ)ψλ(x, t)dλ and ψλ(x, t) = e
iµλ(t)ϕI
PH
λ (x, t); µλ(t) should be real, we
have first to solve the eigenvalue equation of the invariant IPH(t)ϕI
PH
λ (x, t) = λϕ
IPH
λ (x, t) . After
some basic calculations, we get that the orthonormalized solutions of the invariant eigenvalue
equation are given by
ϕI
PH
λ (x, t) =
1√
2pib
exp
i
2b
[
(2 (λ− c) + iβb)
(
x− i
2
α
)
− a0
(
x− i
2
α
)2]
(41)
by subtituting ϕI
PH
λ (x, t) (41) multiplied by a phase factor e
iµλ(t) in the Schrödinger equation
H(t)ψλ(x, t) = i∂tψλ(x, t), we get
µ˙λϕ
IPH
λ (x, t) =
[
− 1
2m(t)b2
(λ− c)2 + 1
2
(
αf − α˙
2
β +
β2
4m(t)
)
− i
2b
(
β
m(t)
− α˙
)
(λ− c)
]
ϕI
PH
λ (x, t), (42)
since this phase should be real, it implies that mα˙ = β, this is equivalent to f(t) = −β˙(t)/2. The
phase equation (42) is simplified into
µ˙λ =
[
− 1
2m(t)b2
(λ− c)2 − 1
4
(
β˙α+
β2
2m(t)
)]
. (43)
So that the general solution can written as
ΨH(x, t) =
∫ +∞
−∞
g(λ)eiµλϕI
PH
λ (x, t)dλ (44)
we choose the weight function g(λ) in the form
g(λ) =
√ √
d
pi
√
2pib0
exp
[−d(λ− I0)2] exp
[
−id0
b0
(λ− I0
2
)
]
(45)
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where d, d0, I0 are positive real constants.
After a straighforward calculation, we obtain the general expression solution in form of the
Gaussian wave-packet
ΨH(x, t) =
√ √
d√
2pib
(
i
∫
1
2mb2
+ d
) exp
{
−i
∫ t
0
(c− I0)2
2mb2
dt′
}
exp
{
−iI0
2
d0
b0
}
exp
{
− i
4
∫ t
0
(
β˙α +
β2
2m
)
dt′
}
exp
{
i
2b
[
(−2 (c− I0) + iβb)(x− i
2
α)− a0(x− i
2
α)2
]}
exp

−
[
(x− i
2
α)− b
(
− ∫ t
0
(c−I0)
mb2
dt′ + d0
b0
)]2
4b2
(
i
∫ t
0
1
2mb2
dt′ + d
)

 (46)
Now, we calculate the expectation values of the position and momentum operators in the
Gaussian state ΨH(x, t)
〈x〉η =
〈
ΨH(t)
∣∣ ηx ∣∣ΨH(t)〉 = d0 − c0
b0
∫ t
0
dt′
m(t′)
+
i
2
α (47)
〈p〉η =
〈
ΨH(t)
∣∣ ηp ∣∣ΨH(t)〉 = −c0
b0
+
i
2
β (48)
it is obvious that 〈x〉η and 〈p〉η are identical to the classical variables xc , pc
〈x〉η = xc , 〈p〉η = pc (49)
We also evaluate the uncertainty in the position and the momentum
∆x =
√
〈x2〉η −
(
〈x〉η
)2
=
b√
d
√
d2 +
(∫ t
0
dt′
2m(t′)b2
)2
(50)
∆p =
√
〈p2〉η −
(
〈p〉η
)2
=
1
∆x
√
1
4
+
[
1
4b0db
∫ t
0
dt′
m(t′)
− a0
b
(∆x)2
]2
(51)
as well as the uncertainty product
∆p∆x =
√
1
4
+
[
1
4b0db
∫ t
0
dt′
m(t′)
− a0
b
(∆x)2
]2
>
1
2
, (52)
which is real and greater than (or equal ) to 1/2 and therefore physically acceptable.
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Figure1.a.
Variances of the physical position (∆x)2
(Dashed-blue) and momentum (∆p)2
(solid-red), with the following
parameters:(q0 = p0 = a0 = m = d =
1, b0 = 2 and ~ = 1).
Figure1.b.
The uncertainty product with the same
parameters as in figure (a).
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The density
∣∣ρΨH(x, t)∣∣2 can be written in function of 〈x〉η and ∆x as
∣∣ρΨH(x, t)∣∣2 =
∣∣∣∣∣∣
√√√√ √d√
2pib
(
i
∫ t
0
dt′
2mb2
+ d
)
∣∣∣∣∣∣
2
exp−
[
x− (xc − i2α)
]2
2∆x2
(53)
and represents a Gaussian with center in
(
〈x〉η − i2α
)
=
(
x0 + p0
∫
1
m
)
and time-dependent width
∆x and therefore ∫ +∞
−∞
∣∣ρΨH(x, t)∣∣2 dx = 1 (54)
Figure 2. Probability density
∣∣ρΨH(x, t)∣∣2for Gaussian
wave packet with q0 = p0 = a0 = m = d = 1, b0 = 2
and ~ = 1.The horizontal and vertical axes correspond
to position and time, respectively.
In summary, using the time-dependent pseudo-Hermitian linear invariant method, we have
found the solutions for a particle submitted to the action of a complex time-dependent linear
potential. Furthermore, we have constructed a Gaussian wave packet state for our problem
and shown that the time-dependent probability density associated with this packet is Gaussian
and remains Gaussian for all time. In addition, the expected values of the operators x and p ,
even though that are complex numbers, represent the classical solutions. We have found that
the uncertainty product is physically acceptable. Also, the normalization condition for the
invariant eigenfunctions with the Dirac delta function is correctly obtained.
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